Abstract. The restoration and recovery of a defective skull can be performed through operative techniques to implant a customized prosthesis. Recently, image processing, surface reconstruction and geometric methods have been used for digital prosthesis design. In this chapter we review state-of-the-art approaches in this field and discuss related issues. The field of prosthesis modeling may include methods for segmentation and surface reconstruction, geometric modeling, multiscale methods and user interaction approaches. So, we present the background in the area by reviewing methods in isosurface extraction from 3D images, deformable models, wavelets and subdivision surfaces. Then, we discuss some proposals in this area: a balloon model for slice-by-slice bone reconstruction, the T-Surfaces plus isosurface generation models as a general framework for surface reconstruction and user interaction, wavelets-based multiscale methods and filling holes methods. We describe also experimental results and a computational tool that we are developing for image processing and visualization which can be used for digital prosthesis design. We offer a discussion by presenting some perspectives and issues related to the models described on previous sections. Finally, we present the conclusions of our work.
Introduction
Mending an imperfect skull is necessary not just for cosmetic reasons but also since sizable imperfections might endanger a fundamental section of the brain. Cranioplasty (the procedure of mending imperfections in the cranium with cranial engrafts) is feasible in these cases [38] . However, cranioplasty continues to be a challenge to craniofacial surgeons and neurosurgeons which motivates the development of computational tools for surgical planning [10] . It is even more difficult when there is great damage or if it occurs in an area where the structure is fragile or if it involves critical tissues like the eyes.
So far, a common procedure has not been developed for the conceptualization and fabrication of pre-manufactured cranial engrafts. Many techniques exist but the treatment is differentiated according to the methodology specifics. Furthermore, each technique fulfills personal customization differently [29, 46] .
The use of medical image processing, computer graphics and rapid prototyping (RP) technology permits personal customization to decrease patients' injuries during surgeries [23] . The creation of the prosthesis starts with a computed tomography (CT) of the cranium. Next, image processing methods are implemented for segmentation. In addition, a surface reconstruction technique is implemented in order to acquire a three-dimensional model of the prosthesis, which will become the insert for the following stage when the prosthesis is fabricated using RP technology. Finally, the cranial imperfection is replaced by the prosthesis [29] , [46] , [48] .
There are two categories of approaches in this field, in relation to the image processing and geometric modeling. In the first category, surface rebuild is applied in order to have a representation of the imperfection, which is used later to create the digital model of the missing piece. In [49] we find such method which divides each voxel into 5 tetrahedra and apply the marching cubes technique to get a polygonal representation of the defective skull. Then, the method takes user-defined guiding points and apply computational geometry algorithms to generate the digital version of the prosthesis. In this process, the geometric model of the prosthesis is obtained taking into account only the polygonal mesh.
The second category includes techniques which rebuild the cranium digitally. Moreover, Boolean operations and the marching cubes technique are employed to acquire the prosthesis' digital model. The technique of reflection, built on the assumption of cranium symmetry, is part of this category. From this point, the axis of symmetry is calculated in order to reflect the segmented image in respect to this axis. However, this technique may only be used if the injury does not intersect that axis. If it does, then we must rebuild the missing piece according to the geometry of the cranium surrounding the injury and the soft tissues of the brain. The separation of bone is achieved without difficulty through thresholding techniques. But, separation of soft tissues is not easily accomplished.
For example in [33] there is a case study of a young woman who sustained significant skull damage from a car accident. In her case, computational techniques for quickly creating a customized prosthesis aided the doctors, who used Mimics software [3] to search for a threshold to separate the bone using the CT scan information.
The doctors needed to remove the meninges to make sure that the inside of the engraft did not obstruct the meninges and also to acquire another reference for the creation of the prosthesis. Next, another software, the 3-Matic [1] was used to draw guiding curves on the usable references (part of the meninges and bone particles) to indicate the necessary curvature of the implant. These curved lines complied to a convex path over the notch of the meninges to preclude the prosthesis from applying force to the meninges.
Because MRI is better at differentiating soft tissue; it is generally preferred over CT for brain imaging which makes the research on CT brain segmentation relatively scarce. However, for prosthesis design, MRI is contraindicated because the main target is the bone tissue. In [24] it is presented a study that considers the effectiveness of existing algorithms for segmenting brain tissue in CT images. Three methods (Bayesian classification, Fuzzy c-Means and Expectation Maximization) were used to segment brain and cerebrospinal fluid. The results shown that these methods outperformed commonly used threshold-based segmentation and points towards the necessity for new imaging protocols for optimizing CT imaging for soft tissue scanning.
Aside from segmentation and image processing, problems with geometric models may occur. Surface reconstruction, filling holes techniques, and multiscale methods must be considered in this venue.
Among the isosurface methods [43] , two types are considered in this paper: continuation and marching methods. Continuation methods propagate the surface from a set of seed cells. The key idea is to use the spatial coherence of the isosurface during its extraction [43, 8] . In Marching Cubes, each surface-finding phase visits all cells of the volume, normally by varying coordinate values in a triple "for" loop [30] . As each cell that intersects the isosurface is found, the necessary polygon(s) to represent the portion of the isosurface within the cell is generated.
The reconstruction of the lost part of the bone can be cast in the problem of constructing a n-sided surface patch that smoothly connects the surfaces that surrounds the polygonal hole. According to [27] , n-sided patches generation algorithms falls basically into two classes. In the first class, the polygonal domain is subdivided in the parametric plane. So, triangular or rectangular elements are put together or recursive subdivision methods are applied. In the second class, one uniform equation is used as a combination of 3D constituents. In this case the surface equation can be computed by either generalized control-point based methods or through a weighted sum of 3D interpolants.
On the other hand, multiscale methods may be applied: having detected a structure of interest in a coarser scale propagate the results through finer scales until the finest one. Behind such approach there is the hypothesis that at the lower resolution, small details become less significant relative to the structure of interest.
All these methods and algorithms must be incorporated in a software to provide surgeons with a computational tool for prosthesis design and surgical planning. Modeling and visualization systems have revolutionized many scientific disciplines by providing novel methods to visualize complex data structures and by offering the means to manipulate this data in real-time. With these systems the surgeons are able to: navigate through the anatomy, practice both established and new procedures, learn how to use new surgical tools, and assess their progress. Digital prosthesis design is a beautiful example of such application. Softwares like Mimics, InVesalius and 3-Matic [5] , [1] incorporate image processing and geometric design methods to allow medical teams to customize the prosthesis before the implant. In this context, user interaction becomes an important issue.
The techniques mentioned above are applied with the hope to automatically get the geometric model of the prosthesis. However, only the medical team knows exactly the requirements for each specific case. Besides, our algorithms always have a percentage of error. Therefore, we must provide user interactions strategies to the surgeons. We can use traditional mouse-controlled interaction with the three-dimensional model on a standard graphics monitor or virtual reality devices combined with stereo viewing. We can also provide the user with an intuitive sculpting system such that user should be able to freely deform, add and remove material in the digital model. This chapter covers these issues and is organized as follows. We review related works in section 2. Sections 3 presents the background methods. In section 4 we describe the proposed models to address the mentioned issues. Along this section experimental results are also presented. Next, in section 6 we offer a discussion by presenting some perspectives and issues related to the models described on previous sections. Finally, we offer the conclusions of our work (section 7).
Related Works
In older surgical procedures, cranioplasty implants were manufactured directly in the operating-theater where the surgeon modeled the suitable material by hand, namely polymethylmethacrylate (PMMA), to build the prosthesis. The PMMA takes a few minutes to acquire shape and become ready to be implanted in the patient. But, in order for this procedure to be successful, the surgeon needs to have splendid manual ability and still there is an increased chance of infection and rejection [15] .
In early 1980, the introduction of 3-D CT scanners and surface reconstruction methods provided a new effective tool for surgical planning. The possibility of generating a geometric (digital) model of the lost part combined with stereolithography rapid prototyping technologies (RP) can make skull prostheses manufacture more accurate and customized for each case [25] .
Besides image acquisition, the avenue in this area includes material science, algorithms and computational systems. To be ideal for cranioplasty, the material must have properties like capable of growth, resistant to infection, noncorrosive, stable, inert, among many others (see for a recent study [18] ). Up to now, no currently available materials satisfy all the requirements and the research of new materials still remains an active area.
The primary objective of the algorithms in this field is the virtual rebuild of the skull imperfection. It has been performed using (whenever possible) a reflection of the cranium as a guide to fill the holes or by drawing new pixels manually [15] .
In order to evaluate the 3D morphology of the bone, thresholding methods were used to exclude the soft tissues. Afterwards, marching methods may be used to acquire the bone's polygonal representation. From the marching result, the creation of the digital model of the implant may begin. This model may also be a polygonal surface or a parametric one (NURBS), according to the fabrication method applied. [26, 10] Mimics, 3-Matic and the free software In Vesalius (Figure 1 ) are examples of computational systems which are accessible and render these properties [3] , [?], [5] . Despite of the simplicity of these functionalities, the above software, have been applied in various surgical planning cases found in the medical literature [15] . This demonstrates that the development of innovative algorithms is a promising research area.
For instance, let us see the method presented in [49] , which, to our knowledge, is a state-of-the-art method for digital prosthesis design. At first, user chooses a segment of the image to preserve memory space. Afterwards, each voxel is separated into 5 tetrahedral parts and the marching cubes method is used to acquire a polygonal picture of the imperfect cranium (see Figure 2) . Obeying the nomenclature in [49] , the respective model has the internal, external and hole surfaces ( Figure 2) . Next, the boundary link is removed, meaning, the pathway made of edges which is shared by the internal (external) and hole surfaces. In [49] the authors affirm that the angle of the two triangles along the boundary link is smaller-this is the dihedral angle criterion which the algorithms are based upon. Only the edges which meet the three rules obey this criterion: 1. Two vertices of edge are inside the region link. 2. The direction of the edge is closest to the direction of a guiding vector, defined through two guiding points specified by the user. 3. The dihedral angle on the edge is smallest.
Two sets of guiding points must be selected, one for the outside and another for the inside boundary link, to guide the searching algorithm (details in [49] ). The result, shown in Figure 3 , is used to extract the hole's surface. Now, each boundary link is filled by triangulating [9] the corresponding 3D polygons. So, let a polygon P = (v 0 , v 1 , ..., v n−1 , v n = v 0 ), with v i ∈ V = 3 , i = 0, 1, 2, ..., n, and a weight function Ω :
where L is a weight set and Ω assigns a weight (area, for instance) to each triangle whose vertices are in P . For 0 ≤ i < j ≤ n−1, let W i,j be the weight of the minimum-weight triangulation of the sub-polygon (v i , v j ), computed as follows:
Put j ← j + 1. For i = 0, 1, ..., n − j − 1 and k ← i + j, compute:
Let O i,k be the index m where the minimum is achieved.
3. If j < n − 1, go back to step 2. Otherwise, W 0,n−1 holds the weight of the minimum-weight triangulation. 4. Let S ← ∅. Call the recursive function Trace with parameters (0, n − 1).
Function In Figure 5 the result is demonstrated after fulfilling the outside boundary link with the recorded triangles. This triangulation must be made better, by adding new vertices and performing edge relaxation in order to acquire a Delaunay-like triangulation ( Figure 4 ) [34] . Fundamentally, given two triangles T 1 and T 2 , along side the edge e, we compute the circum-sphere of the triangle T 1 and see if the vertex v ∈ T 2 , on the other edge side, is inside this circum-sphere. The edge is switched in this case. The algorithm also uses a density control factor α as a stopping criterion.
Conclusively, this smoothing procedure is used. Let ω : V 2 → be a weighting function defined on the surface edges. Also, define the weighted umbrellaoperator U ω : V → E, from V to the Euclidean space E:
where B is the set of direct neighbors of v. So, given a vertex v, we compute expression (2) and replace v with v + U ω (v) to get a smoother version of the surface. Given an edge (v i , v j ) , the weights ω can be computed by the expression:
where (v i , v k1 , v j ) and (v i , v k2 , v j ) are the two adjacent triangles of (v i , v j ) . 
Background
The field of digital prosthesis modeling includes methods for segmentation, surface reconstruction and computational geometry. Also, multiscale and geometric modeling methods can be used. Besides, user interaction must be considered. So, we present the background in the area by reviewing methods in isosurface extraction, deformable models, wavelets and subdivision surfaces. These methods are the background for the next sections.
Mass-Spring System and T-Surfaces
In the mass-spring system the surface nodes work as masses and the edges define the linear springs with damping. So, given a particle i with mass m i and position vector x i , the force system is composed by the elastic (f i elastic ), gravitational (f i grav ) and damping (f i damp ) forces, defined respectively, by [45, 20] :
where V is the set of nodes linked to x i , c ij is the stiffness of the spring linking the nodes x i and x j and l ij the spring rest length;
g is the gravity field and γ i is the damping factor. Following Newton's Laws, we get the following evolution equation:
In this development there is a one-to-one relationship between the mesh topology and the springs. We can relax such coupling by allowing the interaction between particles that are not connected by any edge. Following this idea, we can include shearing and bending besides material tension without including extra edges. The Figure 6 represents this idea by showing a regular mesh, in which the particles are connected by structural springs to account for tension, as well as additional springs that do not correspond to edges. They are diagonal springs for shearing, and interleaving springs for bending [45] . Each spring is governed by Hook's Law and all the corresponding forces can be computed by an expressions analogous to (3)-(5). The T-Surfaces approach is a topologically adaptable deformable model which is composed basically by three components [31] : (1) a tetrahedral decomposition (CF-Triangulation) of the image domain D ⊂ 3 ; (2) a mass-spring system; (3) a Characteristic Function χ defined on the grid nodes which distinguishes the interior (Int(S)) from the exterior (Ext(S)) of a surface S:
where χ (p) = 1 if p ∈ Int(S) and χ (p) = 0, otherwise, where p is a node of the grid.
Following the classical nomenclature, a vertex of a tetrahedron is called a node and the collection of nodes and triangle edges is called the grid Γ s . A tetrahedron (also called a simplex) σ is a transverse one if the characteristic function χ in equation (7) changes its value in σ. Analogously, for an edge.
In this framework, the reparameterization of a surface is done by [31] : (1)Taking the intersections points of the surface with the grid; (2)Find the set of transverse tetrahedra (Combinatorial Manifold); (3)For each transverse edge choose an intersection point belonging to it; (4) Connect these points properly.
In this reparameterization process, the transverse simplices play a central role. Given such a simplex, we choose in each transverse edge an intersection point to generate the new surface patch. In general, we will have three or four transverse edges in each transverse tetrahedron ( Figure 8 ). The former gives a triangular patch and the later defines two triangles. So, at the end of the step (4) we have a triangular mesh. Each triangle is called a triangular element [31] .
As an example for 2D, consider the characteristic functions (χ 1 and χ 2 ) relative to the two contours pictured in Figure 7 . The functions are defined on the vertices of a CF-triangulation of the plane. The vertices marked are those where max {χ 1 , χ 2 } = 1. Observe that they are enclosed by a merge of the contours. This merge can be approximated by a curve belonging to the region obtained by tracing the transverse triangles. The same would be true for more than two contours (and obviously for only one). Besides the forces (3) and (5), the model also has a normal force which can be weight as follows [31] :
where n i is the normal vector at node i, k is a scale factor, and sign i = +1 if I (v i ) > T and sign i = −1 otherwise (T is a threshold for image I). This force is used to push the model towards image edges until it is opposed by external image forces.
The forces given in expressions (3) and (8) are internal forces. The external force is defined as a function of the image data, according to the features we seek. One possibility is:
Image :: F orce ::
The evolution of the surface is governed by the following dynamical system:
where h i is an evolution step. During the T-Surfaces evolution some grid nodes become interior to a surface. Such nodes are called burnt nodes and its identification is fundamental to update the characteristic function [31] . To deal with self-intersections of the surface the T-Surfaces model incorporates an entropy condition: once a node is burnt it stays burnt. A termination condition is obtained based on the number of deformations steps that a simplex has remained a transverse one.
Shape Model
We consider an object to be described by points, referred to as landmark points. These points may represent the boundary of the object or some structures of interest in the images of a database. In general, the landmark points are (manually) determined in a set of s training images. From these collections of landmark points, a point distribution model [44] is constructed as follows. The landmark points are stacked in shape vectors:
where x i j , y i j refers to the landmark j for the image i. Principal component analysis (PCA), or KL-Transform [44, 21, 17] , is applied to the shape vectors by computing the mean shape:
the covariance matrix:
and the eigenvectors of the covariance matrix sorted in decreasing order of the corresponding eigenvalues:
The eigenvectors corresponding to the largest t eigenvalues λ i are retained in a matrix Φ. A shape x can be now approximated by:
where b is a vector of t elements containing the model parameters.
Surface Reconstruction
Isosurface extraction is one of the most used techniques for surface reconstruction in 3D data sets. Depending on the data type (time-varying or stationary) and the data size, many works have been done to improve the basic methods in this area [43] . In this paper we consider two kinds of isosurface generation methods: the marching ones and continuation ones. In Marching Cubes, each surface-finding phase visits all cells of the volume, normally by varying coordinate values in a triple "for" loop [30] . As each cell that intersects the isosurface is found, the necessary polygon(s) to represent the portion of the isosurface within the cell is generated. There is no attempt to trace the surface into neighboring cells. Space subdivision schemes (like Octree and k-d-tree) have been used to avoid the computational cost of visiting cells that the surface do not cut [13, 43] .
Once the T-Surfaces grid is a CF one, the Tetra-Cubes is a natural choice [11] . Like in the marching cubes, its search is linear: each cell of the volume is visited and its simplices (tetrahedron) are searched to find surfaces patches. Following marching cubes, its implementation uses auxiliary structures based on the fact that the topology of the intersections between a plane and a tetrahedron can be reduced to three basic configurations pictured on Figure 8 . Unlike marching methods, continuation algorithms attempt to trace the surface into neighboring simplices [8] . Thus, given a transverse simplex, the algorithm searches its neighbors to continue the surface reconstruction. The key idea is to generate the combinatorial manifold (set of transverse simplices) that holds the isosurface.
The following definition will be useful. Let's suppose two simplices σ 0 ,σ 1 , which have a common face and the vertices, v ∈ σ 0 and v ∈ σ 1 both opposite the common face. The process of obtain v from v is called pivoting. Let us present the basic continuation algorithm [8] .
PL Generation Algorithm: Find a transverse triangle σ 0 ; = {σ 0 }; V (σ) = set of vertices of σ;
Differently from Tetra-Cubes, once started the generation of a component, the algorithm runs until it is completed. However, the algorithm needs a set of seed simplices to be able to generate all the components of an isosurface. This is an important point when comparing continuation and marching methods.
If we do not have guesses about seeds, every simplex should be visited. Thus, the computational complexity of both methods are the same (O(N ) where N is the number of simplices). However, if we know in advance that the target boundary is connected we do not need to search for inside components. Thus, the computational cost is reduced if compared with Tetra-Cubes. That is way we use continuation methods in [16, 40] to get the initial surfaces.
Wavelet Theory and Multiscale Analysis
Wavelets can be introduced in the context of basis functions and scale-varying basis functions. Historically, such theory received a great impact in the 1930s, when several groups working independently had established some foundations of such theory and its applications. For instance, by using the scale-varying Haar basis function, the physicist Paul Levy, investigated at that time the Brownian motion. He found the Haar basis function superior to the Fourier basis functions for that study [19] . In 1980, Grossman and Morlet, a physicist and an engineer, broadly defined wavelets in the context of quantum physics. In 1985, Stephane Mallat discovered some relationships between quadrature mirror filters, pyramid algorithms, and orthonormal wavelet bases. A couple of years later, Ingrid Daubechies used Mallat's work to perform perhaps the most elegant development in this field. The set of wavelet orthonormal basis functions constructed has become a very remarkable work for wavelet applications since then [19] .
Definition 5: A multiscale analysis (MSA) of L 2 ( ) is an increasing sequence of closed subspaces, called scale spaces, V m ⊂ L 2 ( ) :
such that the following are true:
There is a function ϕ ∈ L 2 ( ) whose interger translates generate a Riesz basis of V 0 (that mean, V 0 is the closure of the set span {ϕ m,k | k ∈ Z}):
for all {c k } k∈z ∈ l 2 (Z). A and B are positive constants.
It is important to emphasize the following remarks: (a) Conditions (17) and (18) 
make this interpretation precise. P m denotes the orthogonal projector onto V m .
The following phrase has been adopted, but it is more suggestive than exact: 
With (19) it follows that
(c) The space V m is spanned by the functions:
This is based on (19) and (20) . The functions in (25) all have the same
Scaling Equation:
The scaling function ϕ satisfies a scaling equation, i.e. there is a sequence {h k } k∈Z of real numbers such that:
The key to the construction of both orthogonal wavelet bases (wavelet spaces) and fast algorithms lies in equation (27) . In this way, we denote by W m the orthogonal complement of V m in V m−1 , that means:
If Q m is the orthogonal projector of L 2 ( ) in W m and P m−1 denotes the orthogonal projector onto V m−1 (likewise in expression (21)- (22)), then, decomposition (28) means:
From (28) It is clear that:
and so on. Therefore, using the MSA definition, it follows that:
and so:
The spaces W m , with m ∈ Z, are named wavelet spaces. Let {V m } m∈Z be an MSA generated by the orthogonal scaling function ϕ ∈ V 0 and the function ψ ∈ V −1 , defined by
where {h k } k∈Z are the coefficients of the scaling equation (27) .
Theorem 1 : The function ψ defined by expressions (33)- (34) has the following properties:
(iii) ψ is a wavelet; that means: c ψ = 2π |ω|
In section 5.1 we will discuss the application of this approach do help the definition of the boundary of the hole pictured in Figure 3 .
2D Deformable Model Balloon
Deformable models are very useful for shape recovery in 2D/3D images. In our case we will apply a 2D deformable model, a balloon-like one [14] . Geometrically, this model is described by a parametric contour c embedded in a domain D ⊂ 2 :
From the dynamic viewpoint, we have a deformable contour which is viewed as a time-varying curve c (s, t) = (x (s, t) , y (s, t)) .
In this formulation, the Lagrange equations of motion can be expressed as:
subject to the specification of the following boundary conditions:
∂s 2 , n(c) is the unit normal over the curve and k is a scale factor. The field F ext means an external force, which depends on image elements or constraints.
In our case, the curve is an open one, fixed in the end points of the lesion following the tangents at that points. Besides these boundary conditions, we must set the initial curve to complete the initialization of the balloon.
So, in order to include the initial curve in the numerical method, we must give a sequence of points C 0 = c(i∆s, 0) = c 0 i , com i = 0, . . . , N , which is the discrete version of the initial curve. Such curve must satisfies the boundary conditions also. Therefore, using a reference frame as pictured on Figure 9 , which has both the end points on the horizontal axis (one in the origin and the other one at x = L) we can write the constraints as:
Besides, the initial shape should be as closer as possible to the target to reduce time computation. We observe that a cubic curve, represented by C(x) = ax 3 + bx 2 + cx + d fits all of these requirements. With a simple algebra we can demonstrate that:
By considering that s ∈ [0, 1] in the balloon definition, we can represent the initial curve as
We can approximate the derivatives in the expression (37) through finite differences, with discretization steps of ∆s = 1/N and ∆t = 1/M for space and time, respectively and by considering ω 1 , ω 2 constants:
∆t , Fig. 9 . Reference frame for balloon initialization.
c ≈ 1
where c τ i = c(i∆s, τ ∆t), with i = 0, . . . , N and τ = 0, . . . , M . We shall observe that, once the snake is an open curve with fixed endpoints (say, P 0 e P N ), then c τ 0 = P 0 and c τ N = P N , for any τ . Also, by using the expressions:
and considering that c (0, t) = u 0 and c (1, t) = u 1 , we get c From this fact and substituting the derivative expressions in equation (37), we get [14] :
where I is the identity matrix of order (N − 3),
where:
In this way, the system (47) gives a method to compute C τ once we have C τ −1 . Besides, we shall notice that (I + ∆tA) is a symmetric pentadiagonal banded matrix. So, it is computationally efficient to solve the system through LU decomposition of the matrix A [36] . The balloon comes to rest when the internal and external forces balance, which implies that:
where C t+∆t and C t are the curves at time t + ∆t and t, respectively, and ε is a pre-defined parameter.
The method is sensitive to the choice of the coefficients ω 1 and ω 2 . Following [14] , we set these parameters such that ω 1 and ω 2 are proportional to ∆s 2 and ∆s 4 , respectively.
Subdivision Scheme
In the last decade, subdivision surfaces have found their way into wide applications in geometric modeling and animation. One reasons for this fact is that subdivision is intricately linked to multiresolution. Besides, constructing surfaces through subdivision elegantly addresses issues of covering arbitrary topology, level-of-detail modeling, numerical requirements for further application in finite element, elegant formulation through mathematical tools such as wavelets, etc.
For instance, let us consider the Sabin's algorithm [37] which is a variant of the traditional Catmull-Clark's method [12] . The input for Sabin's algorithm is a closed net N = (V, E), where V is the set of vertices connected according to a topology E (a net is closed if each edge is shared by exactly two faces). Then, the subdivision algorithm will compute a new net N = (V , E ) by applying the following rules over the input net N (see [37] for details):
1. For each old face f , make a new face-vertex v * f as the weighted average of the old vertices of f , with weights W n that depend on the valency n of each vertex. 2. For each old edge e, make a new edge-vertex v * e as the weighted average of the old vertices of e and the new face vertices associated with the two faces originally sharing e. The weights W n (wich are the same as the used in rule 1) depend on the valency n of each vertex (the valency of new vertices is equal to the one of the corresponding faces). 3. For each old vertex v, make a new vertex-vertex v * v at the point given by the following linear combination, whose coefficients α n , β n and γ n depend on the valency n of v: α n ·(the centroid of the new edge vertices of the edges meeting at v) + β n ·(the centroid of the new face vertices of the faces sharing those edges) + γ n · v.
The topology E of the new net is calculated by the following rule:
For each old face f and for each vertex v of f , make a new quadrilateral face whose edges join v * f and v * v to the edge vertices of the edges of f sharing v (see figure 10 ).
The weights W n are computed as follows. Let n > 2 be the valency of a vertex and k = cos(π/n). Compute the real roots of x 3 + (4k 2 − 3)x − 2k = 0 and take the only one satisfying x > 1. So, the weights are calculated by:
In the context of polygonal surfaces, digital prosthesis design can be cast in the problem of filling n-sided holes in the surface. Therefore, algorithms that generates a subdivision surface which connects smoothly with the surface around the hole can be useful for prosthesis modeling.
Computer-Aided Design Methods and Systems
In this section, we discuss some proposals for prosthesis modeling. We start with a balloon model that is applied slice-by-slice for reconstruction of the lost part (section 4.1). Then, a marching cubes technique is used to get the final geometry. On the other hand, we can perform all the tasks in 3D space. The T-Surfaces plus isosurface generation models offer a general framework for surface reconstruction and user interaction [41] . Therefore, we can explore this framework for digital prosthesis design, as discussed in section 5. The wavelet theory can be applied to simplify the detection of the boundary points of the hole. Besides subdivision surfaces have been used for filling holes methods. So, we discuss the application of these methods for prosthesis modeling in section 5.1. We describe also experimental results. In section 5.2, we present a computational tool that we are developing for image processing and visualization which can be used for digital prosthesis design.
Balloon Based Model
In this section, we propose a new methodology for digital prosthesis generation, which can be roughly divided into 5 stages:
1. Segmentation: Extract the bone from the other tissues 2. Feature Extraction: get geometric information about the frontier of the lesion (terminal points and their tangents). 3. Deformable Model: With the information from step 2, find the appropriate curve, using a deformable model of type balloon. 4. Lesion Reconstruction: Each patch obtained in the step above is dilated to complete the prosthesis volume. 5. Surface Reconstruction: Marching cubes is applied to generate the digital version of the prosthesis geometry.
To accomplish the first step, we apply a simple thresholding technique based on image inspection. In the actual implementation, the obtained result is manually processed, frame-by-frame, to get the end points and their tangents (second stage). Next, we apply a deformable model, a balloon-like model [14] , to compute the patch of the prosthesis in each image frame. We take the end points and tangents computed in the step 2 as boundary conditions for the deformable model. In the final stages, we recover the lost part of the bone, following the balloon result in each frame and, finally, reconstruct the geometry of the prosthesis. We demonstrate the advantages of our technique when compare with the one presented in [49] .
The standard format for CT images is DICOM (Digital Imaging and Communications in Medicine) [35] . CT images of the head show bone and soft tissues (brain, skin, etc). In a DICOM image, the data matrix has real values in the range [−1000, 1000], called TC numbers. A simple binarization technique may then be used to bring out just the structure elicited since the TC number for bone is in the [400, 1000] range. Now, once the bone is segmented, we take each frame and get the end points of the lesion and their tangents (see Figure 9 ) through an user interaction procedure. Now, we apply the proposed model to generate the prosthesis for repairing the defective skull pictured on Figure 11 .(a). In this case, we also could use a reflection technique, based on the assumption of skull symmetry, to reconstruct the skull. The defective region intersects 36 slices of the whole image volume.
In the experiments of this section we set null the external force in expression (37) . Following [14] , the parameters ω 0 and ω 1 are set to (∆s) 2 and (∆s) 4 , where ∆s is the discretization step applied to get the numerical solution of equation (37) . The value of the normal force scale parameter is k = −1/16. The stopping criterium is based on expression (48), with 10 −3 . The Table 1 reports some statistics about the initialization (expression (44)) and evolution of the balloon model for the 36 slices that intersect the defective region.
Considering that the mean number of interactions of the numerical scheme defined by expression (47) is 123 and we have 21 snaxels for each instance of the balloon model, we can say that the computational cost is not expensive. The Figure 11.(a) shows the defective skull and Figure 11 .(b) picture the balloon result for one of the slices. Once the balloon stops evolution, we dilate the result using a 5 × 5 mask centered in the snaxels. Figures 11.(c) -(e) show three viewpoints of the repaired skull. A visual inspection indicates that the prosthesis geometry Table 1 . Statistics for initialization parameters (θ0, θ1) and number of interactions of balloon.
suitably reconstruct the defective region. However, the method is sensitive to the parameters choice. So, we must be careful about this point during the setup of the balloon technique. It is worthwhile to compare our method with the one proposed in [49] , summarized on section 2. The Figure 12 pictures the solution obtained with that method. The method proposed in [49] does not take into account the tangent directions at the boundary of the hole. Therefore, the obtained prosthesis may not fit the curvature of the skull. In fact, the method has a bias towards planar shapes due to the fact that there is no any constraint related to local curvature. We can check this problem in the result pictured on Figure 12 . Fig. 12 . Viewpoints of the solution obtained by the method described in [49] .
We have also some considerations about the algorithm that searches the boundary link, described in section 2. In our implementation of that algorithm, we get suitable results without testing if the vertices are interior to the polygonal frontier (rule 1), as done in [28] . It is important to notice that this polygon is a curve in the 3D space which makes the determination of inner points a non-trivial task. Besides, we define an upper bound for the number of triangles generated in the mesh refinement algorithm in order to avoid too many triangles in low curvature regions.
Isosurface Methods and T-Surfaces
In this section we describe an approach which integrates the T-Surfaces model and isosurface generation methods in a general framework for surface reconstruction in 3D medical images (see [41] for details). The reparameterization of T-Surfaces gives the link between the above isosurface generation methods and T-Surfaces model. To explain this, let us define an Object Characteristic Function as:
where p is a node of the triangulation. If we apply tetra-cubes or continuation method to this field, we get a set of piecewise linear (PL) surfaces that involve the structures of interest. From the way the PL surfaces are generated, each connected component M so obtained has the following properties: (1) The intersection σ 1 ∩σ 2 of two triangles σ 1 , σ 2 ∈ M is empty, a common vertex or edge of both triangles; (2) An edge τ ∈ M is common to at most two triangles of M ; (3) M is locally finite, that is, any compact subset of 3 meets only finitely many cells of M . A polygonal surface with such property is called a Piecewise Linear Manifold (PL Manifold). From the reparameterization process of section 3.1, we can see that a T-Surface is also a PL Manifold. Thus, the isosurface extraction methods can be straightforward used to initialize T-Surfaces with the Object Characteristic Function as the initial Characteristic Function.
But, what kind of isosurface method should be used? Based on the discussion of section 3.3, about tetra-cubes and continuation methods, we can conclude that, if we do not have topological and scale restrictions, marching methods are more appropriated to initialize the T-Surfaces. In this case, it is not worthwhile to attempt to reconstruct the surface into neighboring simplices because all simplices should be visited to find surface patches.
However, for the T-Surfaces reparameterization (steps (1)- (4) of section 3.1), the situation is different. Now, each connected component is evolved at a time.
Thus it is interesting a method which generates only the connected component being evolved, that is, the PL Generation algorithm of section 3.3.
The segmentation/surface reconstruction method that we propose in [41] It is important to highlight that T-Surfaces model can deal naturally with the self-intersections that may happen during the evolution of the surfaces obtained by step (4) . This is an important advantage of T-Surfaces.
Among the surfaces extracted in step (4), there may be open surfaces which starts and end in the image frontiers, small surfaces corresponding to artifacts or noise in the background. The former is discarded by a simple automatic inspection. To discard the later, we need a set of pre-defined features (volume, surface area, etc), and corresponding lower bounds. For instance, it is straightforward to set the volume lower bound as 8 (r) 3 , where r is the dimension of the grid cells. Besides, some polygonal surfaces may contain more than one object of interest. Now, we can use upper bounds for the features. These upper bounds are application dependent (anatomical elements can be used).
The surfaces whose interior have volumes larger than the upper bound will be processed in a finer resolution. When the grid resolution of T-Surfaces is increased we just reparameterize the model through the finer grid and evolve the corresponding T-Surfaces.
Besides, due to inhomogeneities of the image field (supposed gray level), some objects may be split in the step (4). Sometimes, T-Surfaces model can not merge them again. To correct these problems, the user can manually burn some grid nodes to force merges or splits. From the entropy condition, these nodes remain burnt until the end of the process. This functionality can be implemented by selecting grid nodes with a pointer (mouse, for example), through implicitly defined surfaces, or through a virtual scalpel.
In order to demonstrate the potential of the whole framework let us consider the following example. We have three spheres of intensity 50 placed in a noisy 150 × 150 × 150 image volume. The spheres were previously extracted by the proposed method with the following parameters: grid 5 × 5 × 5, freezing point = 10, γ = 0.01, k = 1.222; c = 0.750. Every sphere has radius 30 (pixels).
In this case, the merge is forced through an implicit defined surface placed between the spheres (Figure 13.a) . Grid nodes inside the surface are easily detected by its equation and then burnt. During the evolution, the 4 surfaces will merge and the final result is a connected surface (Figure 13.b) . Other possibility would be to burn manually a set of grid nodes linking the spheres. The idea in this case is that the new set of burnt grid nodes generates a connected combinatorial manifold. A similar idea can be implemented for manual split. This framework is useful for prosthesis design due to the following aspects. When working in a coarser image resolution we are discarding details in the reconstructed surfaces which may simplifies the drawing of the boundary links in Figure 3 . On the other hand, once resolved the segmentation in a coarser resolution we can update the result for a finer image resolution and to get a segmentation with more details. So, we do not lose precision in the whole process. Besides, once completed the geometry reconstruction of the defective skull, we can turn off the T-Surfaces reparameterization (T-Surfaces becomes a massspring system). Then, we apply the algorithm summarized in section 2 for obtain a triangulation of the target surface but using a smoothing process based on the mass-spring system instead of the umbrella-operator. Finally, if user interaction is required to improve the prosthesis geometry, we can turn on simplicial domain decomposition framework and allow the user to burn (or unburn) some grid nodes to mimics material addition or removal.
Multiscale and Subdivision Schemes
The application of the multiscale schemes for digital prosthesis design follows the idea that performing tasks in coarser scales may be easier than in finer ones. For instance, lets us return to the Figure 3 and to the problem of finding the internal and external boundary links of the hole. It is not a trivial task specially if the portion of the surface nearby the hole has too many details due to the surface reconstruction process. So, if we apply a multiscale scheme we can reduce details and simplify the definition of these curves.
To be more formal, let us consider parametrically defined curves:
Then the wavelet decomposition of the curve is obtained by the decomposition of each coordinate function:
The wavelet coefficients of the curve are given by:
We can similarly define the scalling decomposition and coefficients by:
From expression (29) it is clear that:
This expression is the starting point for a multiscale approximation of the curve. The scalling coefficients obtained by the projection P m f k define the multiscale approximation of the curve at level m and the error between the two approximation at scale level m and m − 1 is given by the wavelet coefficients computed through the projection Q m f k . A similar process can be defined for parametrically defined surfaces through tensor product of scaling functions [32] . The fact that P m f k is a approximation of f k in a coarser scale; that means, with less details, can be explored in order to simplify the search for structures of interest.
Just to clarify the ideas, let us consider the Figure 14 which pictures a (generic) multiscale representation of a function I at scales σ 0 , σ 1 , ..., σ 4 . We observe that the singular points (local maxima and minima) in coarser scales can be easier identified than the corresponding points in the finer scales. So, following expression (51), the key idea when using wavelet representation is to get the target points in the coarser scale and then to correct its position, using the error Q m f k . Once the boundaries of the hole are drawn (Figure 3 ), the subdivision scheme described on section 3.6 can be also applied to generate the two surfaces that, when combined with the hole's surface, complete the prosthesis model. Such process will generate two polygonal surfaces with quadrilateral patches instead of the triangular ones generated by the algorithm described in [49] (section 2). Another aspect is that the user can place guiding points in order to control the geometry of the input net. In the case of the algorithm described in [49] , such control is not possible unless we introduce extra machinery.
The PyImageVis Computer Systems
This section describes the PyImageVis system, an open-source software implemented in Python [6] , for processing and visualization of medical images. The main goal of PyImageVis is to provide a computational system for the research of new algorithms for medical image processing and visualization.
In Brazil, the research on visualization and medical image processing is concentrated in universities and research institutes. The INCT-MACC, a virtual institute for applications of scientific computing in medicine, is an example of this fact [2] . The INCT-MACC team need a computational platform which facilitates the validation of new algorithms in image processing and visualization. Softwares such as Matlab and Octave can be used for this purpose. However, they are limited for visualization of three-dimensional images. In order to meet this requirement, we are developing the PyImageVis platform. This software has been implemented in Python language and incorporates functions and methods of existing open source Python libraries, like NumPy and Scipy [4, 7] . It provides friendly graphical interfaces, which follows the MatLab layout ( Figure 15 ) and is user extendable. We are incorporating computational resources for digital prosthesis design in the PyImageVis system. Figure 16 pictures the main software interface and an application example for isosurface visualization in the case of a defective skull. The image volume is composed by 108 slices, in the DICOM format, 512 × 512 pixel resolution [5] . Figure 17 describes the capabilities of the PyImageVis to reconstruct the skull slice-by-slice in the image space. The Figure 17 .b shows the result obtained by reflecting the hole image respect to axis of symmetry of the image pictured in Figure 17 .a. Besides, we also demonstrate the PyImageVis potential with the execution of another slice-by-slice processing task conducted by user interaction. In this case, the user firstly places a paths linking terminal points of the lesion in Figure 18 .a, obtaining the boundary of a ribbon like the one in the Figure 18 .b. Then, the system applies a region filling to generate the ribbon that completes the lost part of the bone (Figure 18.c) . 
Discussion and Perspectives
An question in this area is how to incorporate prior knowledge about the skull shape in each slice. This question needs some kind of learning process to be addressed. The theory presented on section 3.2, based on PCA, is a possibility in this direction. First, 40 slices of a normal cranium are used to compose a data set. Figure 19 shows the first, middle and last (segmented) slices. Then, we compute the skeleton for each slice and fit a cubic spline for each obtained skeleton. Then, we could calculate a set of 100 uniformly spaced landmarks for each curve composing a database of 40 curves. Then, we align each curve with the middle one (curve generated from Figure 19 .b) in order to discard variations due to rigid transformations (rotation, scale and translation). The aligned curves are used to compute the mean shape and covariance matrix in expressions (12) and (13), respectively. The spectrum of the covariance matrix is pictured on Figure 20 . This figure shows that as the dimension of the PCA most expressive subspace increases, there is an exponential decrease in the amount of total variance explained by the first principal components with the largest eigenvalues. This is a well-known behavior of the dimensionality reduction provided by the standard PCA [22] . More specific, the first 20 principal components have eigenvalues λ in the range [2 ≤ λ ≤ 7800] and for the first 5 principal components this range is [184 ≤ λ ≤ 7800]. The Figure 21 shows the mean curve x and the curve obtained by the expression:
with α = 50.0. We observe that the total variance explained by the PCA most expressive principal component captures the basic shape of the database. This can be further used to implement previous knowledge to the digital prosthesis design process. Fundamentally, we may enforce a limitation that the skeleton of the rebuilt format has to belong to the CA subspace spanned, for example the first 5 main components.
The section 5.1 proposes the application of subdivison methods as an alternative to generate the prosthesis representation. Such process generates surfaces with quadrilateral patches instead of the triangular ones generated by the algorithm described in [49] . From Figure 22 , We observe that the triangle density of the latter is very height and not uniform over the surface. This feature may be a problem if we need user interaction to fix the curvature in some places. We must consider this intervention because it is very hard to account for all the clinical aspects when customizing a prosthesis. Specifically, we intend to apply the mass-spring system to implement this task. Such variation in the density of triangles implies that the system may be more rigid in some places which is not interesting for user interaction. The reflection is a very useful method but has some issues also. The Figure  23 .a shows the original image and Figure 23 .b shows the result of the reflection. We observe some defects that must be fixed. This can be accomplished by user interaction through mouse-guided intervention. Other possibility is to give the user a tool to construct a ribbon to fix the lesion, like in the Figure 18 . However, this process may tedious and imprecise even if we apply the result obtained for a slice, say slice k, and use it to initialize the process in the slice n + 1.
On the other hand, the method presented in section balloon depends on the boundary conditions to set up the deformable model. The straightforward way to get this information is through the skeleton of the bone region. Figure 24 shows one examples of skeleton that helps us to understand that this process has also some drawbacks. In this case, if we follow the tangent at the end points of the skeleton we obtain a balloon solution far from the target.
The application of implicit formulations for deformable models is an interesting perspective in this area. As pointed out in [41] we can implement the framework described in section 5 using the level set model [42] . This alternative is interesting not only due to the capabilities of level set but because its imple- mentation is simpler than for T-Surfaces. In fact, the embedding function for the level set plays a similar role of the characteristic function for T-Surfaces (see [39] for details). However, the update of the latter is based on exhaustive tests [31] while the former is just a consequence of the governing equation of the level set method. As a practical consequence, we observed that it is easier to implement the level set than the T-Surfaces which is a motivation for further applications of level set in the prosthesis modeling problem.
Conclusions
In this chapter we review approaches to reconstruct the defective region of a skull. The main goal is to automatically construct the prosthesis model for the defective region. Re-building a new cranium after injury may be achieved through surgical methods by implanting a customized prosthesis. Lately, the creation of digital prosthesis and surgical planning have been done by using image processing, surface rebuilding and geometric techniques. In this chapter we review state-ofthe-art approaches in this field and discuss related issues.
The field of prosthesis modeling may includes methods for segmentation and surface reconstruction, geometric modeling, multiscale methods and user interaction approaches. We show a promising result based on the balloon model and compare our technique with a state-of-the-art one, showing that our method can generate a more suitable prosthesis geometry. Besides, we discuss perspectives in this area in order perform all the tasks in 3D space as well as to incorporate prior knowledge in the process.
